QUANTUM UNIQUE ERGODICITY ON LOCALLY SYMMETRIC SPACES: 
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ABSTRACT. Given a measure jloo on a locally symmetric space Y = F\G/K, obtained as 
a weak-* limit of probability measures associated to eigenfunctions of the ring of invariant 
differential operators, we construct a measure (A*, on the homogeneous space X = V\G 
which lifts fUo and which is invariant by a connected subgroup A i C A of positive dimen- 
sion, where G = NAK is an Iwasawa decomposition. If the functions are, in addition, 
eigenfunctions of the Hecke operators, then fi^, is also the limit of measures associated 
to Hecke eigenfunctions on X. This generalizes previous results of the author and A. 
Venkatesh to the case of "degenerate" limiting spectral parameters. 



In the work of the author with A. Venkatesh lfl4l we investigated the asymptotic be- 
haviour of eigenfunctions on high-rank locally symmetric spaces, under the assumption 
that the spectral parameters (see below) were non-degenerate, in that their imaginary parts 
were located away from the walls of the Weyl chamber (in particular, this forced the spec- 
tral parameters to lie on the unitary axis). This paper removes this assumption, at the cost 
of a weaker invariance statement for the limiting measures. The main extra ingredient is 
a simple calculation in the "compact" model of induced representation for semisimple Lie 
groups. 

1.1. The problem of Quantum Unique Ergodicity; statement of the result. Let Y be a 

(compact) Riemannian manifold. To a non-zero eigenfunction i//„ of the Laplace-Beltrami 
operator A with eigenvalue — X n we attach the probability measure 



Classifying the possible limits (in the weak-* sense) of sequences {/I„}~ =1 where X„ — » °° 
is known as the problem of "Quantum Unique Ergodicity" (specifically, "QUE on Y"). 
Nearly all attacks on this problem begin by associating to each measure jl n a distribution 
("microlocal lift") jx n on the unit cotangent bundle S*Y which projects to jl„ on Y, in 
such a way that any weak-* limit of the jx n is a probability measure, invariant under the 
geodesic flow on S*Y . This construction (due to Schnirel'man, Zelditch and Colin de 
Verdiere, 11151 [17] |5]) leads to a reformulation of the problem ("QUE on S*Y"), where 
one seeks to classify the weak-* limits of sequences such as {/i n },T=i- Now results from 
dynamical systems concerning measures invariant under the geodesic flow can be brought 
to bear. In particular, under the very general assumption that the geodesic flow on S*Y 
is ergodic, it was shown by these authors that the Riemannian volume measure on S*Y 
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is always a limit measure for some sequence of eigenfunctions (hence its projection, the 
Riemannian volume on Y, is always a limit of a sequence of measures fi„). The most 
spectacular realization of this approach to QUE is in the work of Lindenstrauss [9 |. There 
it is shown that on congruence hyperbolic surfaces and for eigenfunctions i//„ which are also 
eigenfunctions of the so-called Hecke operators the Riemannian volume is the only limiting 
measureQ. In fact, Rudnick-Samak 021 conjecture that this phenomenon (uniqueness of the 
limit) holds for all manifolds Y of (possibly variable) negative sectional curvature. Results 
in that level of generality have also appeared recently, starting with the breakthrough of 

m. 

In this paper we consider a technical aspect of the problem on locally symmetric spaces 
Y = F\G/K of non-compact type. Here G is a semisimple Lie group with finite center, 
K a maximal compact subgroup and T < G a lattice (thus Y is of finite volume but not 
necessarily compact). On such spaces there is a natural commutative algebra of differen- 
tial operators containing the Laplace-Beltrami operator, and it is better to consider joint 
eigenfunctions of this algebra. This is the algebra of G-invariant differential operators on 
G/K, which may be identified with the center of the universal enveloping algebra of the 
Lie algebra of G. Accordingly, let y/ n € L (Y) be joint eigenfunctions of this algebra. The 
approach of microlocal analysis applies to this setting as well (see [2]), lifting measures to 
distributions on S*Y, but in fact limits of these measures are supported on singular subsets 
there, isomorphic to submanifolds of the form Y\G/M\ for compact subgroups M\. Here 
we directly construct a lift to this space. Moreover, in the congruence setting it is desirable 
to have the lift be manifestly equivariant with respect to the action of the Hecke algebra. In 
the paper [14] this was done under a genericity assumption ("non-degeneracy") - that the 
sequence of spectral parameters v„ G (here a = Lie (A) where G = NAK is an Iwasawa 
decomposition) associated to the i//„ be contained in a proper subcone of the open Weyl 
chamber in mjjj. Under that assumption, and weak-* limit jiL, of a sequence as above was 
seen to be the projection of an A-invariant positive measure pioo on X. In this paper the 
non-degeneracy assumption is removed, giving our main result: 

Theorem 1. Assume jx n — — Y jXoo- Then there exists a non-trivial connected subgroup 

n— >°° 

A\ C A and an A\-invariant positive measure on X projecting to floo. 

In more detail, let C"(X)k be the space of right K -finite smooth functions of compact 
support on X = T\G. By a distribution we shall mean an element of its algebraic dual. 
Then, after passing to a subsequence, we obtain distributions /J.„ G C™(X)' K and functions 
i/a„ G L 2 (X) such that: 

(1) (Lift) The distributions /i„ project to the measures jl n on Y. In other words, for 
(p G C~(T) we have jJ.„((p) = £«(<p). 

(2) Let (7„ be the measure on X such that do n (x) = \\fr„(x)\ 2 dx. Then: 

(a) (Positivityj {<7„}~ =1 converges weak-* to a measure (Xo on X, necessarily a 
positive measure of total mass < 1. 

(b) (Consistency) For any <p G C™(X)k, \o n (<p) — IJ. n (jp)\ — > as n — > °°. 

(3) (Invariancej Let the normalized spectral parameter^ V n converge to a limiting 
parameter Vo in the closed positive Weyl chamber of ia!L. Then jUoo is invariant 
by AiZ/f(Ai), where A\ C A is the set of elements fixed by the stabilizer W\ = 
Stab w (v„o). 



For non-compact surfaces this statement requires the result of 1 16]. 

For G simple, these are Tnjh-y For G semisimple see the discussion in 1141 §5.1] 
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(4) (Equivariancej \ff n belong to the irreducible sub representation of G in L 2 (Y) gen- 
erated by \j/ n . In particular, ifH is a commutative algebra of bounded operators 
on L 2 (X) which commute with the G-action and \j/„ is a joint eigenfunction ofH 
then so is \y n , with the same eigenvalues. 

1.2. Sketch of the proof. As can be expected, we shall trace a path very similar to that of 
the previous work. Choose a pair of functions, one from the irreducible subrepresentation 
of L 2 (X) generated by y/ n and one from its dual. Now integrating a function on X against 
the product of these two functions defines a measure there (fi n is a special case of this 
construction), and we will study limits of this larger family of measures. We construct an 
asymptotic calculus for these measures by uniformizing the representation via the compact 
picture of a principal series representations induced from a potentially non-unitary char- 
acter. A prerequisite for taking limits in this setting is the following a-priori bound on 
these measures w.r.t. the uniformization, which is the key ingredient that was not available 
during the writing of [ 14 1. 

Theorem 2. Let (7t,V n ) 6 G be spherical, and let R: (I v ,Vk) — > (ft,V n ) be at$ inter- 
twining operator with the real part o/VEoJ. in the closed positive chamber C, normal- 
ized such that \\R((po)\\ v — 1, where <po £ Vk is the constant function 1. We then have 
\\R{f)\\ Vn <\\f\\i?(K)fo?any f & Vk- 

Surprisingly, we could not find this useful fact in the literature. It is proved in Section 
[3] as a consequence of the rationality of ^-finite matrix coefficients by bounding the ana- 
lytical continuation of the normalized intertwining operators A(y\w) : (Iv,Vk) — > {Iwv,Vk) 
associated to elements w of the Weyl group W. 

With this bound in hand we extend the asymptotic calculus of 1 14 1 to our setting. We 
construct the distributions pi,, in Section |4J] (see Definition [T8l). Integration by parts gives 
the measures a„ and establishes their properties (Corollaries|24]and|25). Finally, in Section 
|4.3| we obtain the desired invariance property. 

1.3. A measure rigidity problem on locally symmetric spaces. An introduction to the 
relations between the general problem of Quantum Unique Ergodicity and the cases of 
manifolds of negative curvature and locally symmetric spaces of non-positive curvature 
may be found in the paper fl4"l . We consider here only the latter case, where again we 
have the Conjecture 

Conjecture 3. (Sarnak) The sequence {£l n }™=i converges weak-* to the normalized vol- 

dvolv 

ume measure — ttttt- 
voi(y) 

We recall the strategy pioneered by Lindenstrauss, which applies for a lattice Y for 
which there exists a large algebra % of bounded normal operators on L 2 (X), commuting 
with the G-action. We then consider a sequence of joint eigenfunctions of both the differ- 
ential operators and of H, and assume the associated measures £i„ converge to a measure 
/L, 

(1) Lift: Passing to a subsequence, lift /L, to a positive measure ji^ on X which 
projects to /Xo« under averaging by K and is invariant under a subgroup H < G, 
in a way which respects the H-action. 

(2) Extra smoothness: Using the geometry of the action of H, show that any measure 
/Xoo thus obtained is not too singular (for example, that the dimension of its support 
must be strictly larger than that of H). 



'Such R always exist. 
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(3) Measure rigidity: Using classification results for //-invariant measures on X, show 
that the additional information of Step (2) forces jl„ to be a G-invariant measure 
onX. 

The result of this paper extend Step (1) of the strategy to the degenerate case and the 
methods used for Step (2) in (4) and IfPJI only use the Hecke operators. Unfortunately, 
current higher-rank measure classification results (such as the one in (6), used for Step 
(3) in [ 13 1) do not readily generalize to the case of A \ -invariant measures; in this context 
see the counter-example f ill 11 . However, we are not considering a general A \ -invariant 
measure, so the natural question from our point of the view is the following. It should be 
compared with Lindenstrauss's rank 1 measure classification Theorem [9, Thm. 1.1], 

Problem 4. Let T < G be a congruence lattice associated to a Q-structure on G and let 
Aj C A be a non-trivial one-parameter subgroup fixed by a subgroup of the Weyl group. 
Let \j/ n G L 2 (X) be eigenfunctions of the Hecke operators on X =T\G such that their 
associated probability measures a„ converge weak-* to an Ai-invariant measure Goo. Is it 
true that (Too is then a (continuous) linear combination of algebraic measures on XI 

2. Notation and Preliminaries 

2.1, Structure theory - real groups. Let G be a connected almost simple Lie grourfl, 
g = Lie(G) its Lie algebra. Let © be a Cartan involution for G, 9 the differential of 
at the identity and let g = p © i be the associated polar decomposition. We fix a maximal 
Abelian subalgebra a C p. Its dimension is the (real) rank rkG. 

The dual vector space to a will be denoted ajjj, and will be distinguished from the com- 

def 

plexification — ajjj ©r C. For a G ajjj set g a = {X G | V// G a : [H,X] = a(H)X}. 
Let A = A(g : a) denote the set of roots (the non-zero a € ajjj such that g a ^ 0). Then 
= 0o © aG A0a> and g = o © m where m = Z t (o). For a G a| we set p a = dimg a , 
q a =dimg 2 a- 

The Killing form B induces a positive-definite pairing (X,Y) = —B(X, BY) on g which 
remains non-degenerate when restricted to a. We identify a and ajj via this pairing, giv- 
ing us a non-degenerate pairing (•,•) on ajj and letting H a G a denote the element cor- 
responding to a G A. With this Euclidean structure on ajj the subset A is a root system, 
and we denote its Weyl group by W(g : a). A root a G A is reduced if \a A. The 
set of reduced roots A r C A is a root system as well. To w G W we associate the subset 
<!>„- = A 1 ' n A + n vv~' A~ of positive reduced roots /3 such that wj3 is negative. 

We fix a simple system II C A, giving us a notion of positivity, and let A + (A~) denote 
the set of positive (negative) roots, p = j LaeA+ PaOC G oj^. For j3 G A r and v G we set 
v^fff.Then 

^={vGo^|V/3Gn:v i3 >0} 
is the open positive Weyl chamber. Its closure will be denoted C. We will also consider the 
open domain 

a = *f+ iafc = {ve ocl*(v) e ^} 

and its closure £2. More generally, for wfffwe set 

t ^ v = {v€a^|Vj8G<& w :v j3 >0} 
leading in the same fashion to ^ w C ajj and £2 W C £2 W C a£. 



The results of this paper hold (with natural modifications) for reductive G. The details may be found in 1141 
§5.1]. 
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Returning to the Lie algebra we set n = ® aG A+0a> n= 9n= (£> a sA-9a and obtain the 
Iwasawa decomposition q = n © a © t. On the group level we set K = {g G G | 0(g) = g}, 
A = expa, N = expn, N = expn. These are closed subgroups with Lie algebras t, a,n,fi 
respectively: K is a maximal compact subgroup, A a maximal diagonalizable subgroup 
and N a maximal unipotent subgroup. With these we have the Iwasawa decomposition 
G = NAK. Another important subgroup is M = Zjc(a) which normalizes N,N. M is not 
necessarily connected, but m = Lie(M) holds, and B — NAM is the Borel subgroup. The 
action of W = Nk{&) /Zk{o) on ajj gives an isomorphism of W and the algebraic Weyl 
group W(g : a) defined above. 

Let dk be a probability Haar measure on K, da, dn Haar measures on A and N. Then 
dn ■ a 2p da ■ dk is a Haar measure on G. The linear functional / i-> J K f(k)dk on the space 
T p = {/ € C(G) : f(nag) = a 2 Pf(g) } is right G-invariant. 

2.2. Complexification. Let b be a maximal torus in the compact Lie algebra m, h = a© b. 
Then h is a maximal Abelian semisimple subalgebra of g, that is a Cartan subalgebra. 

0C is a complex semisimple Lie algebra of which he is a Cartan subalgebra. We let 
MdC '■ f)c) denote the associated root system, W(qc '■ be) its Weyl group. The restriction 
of any a G A(qc : he) to a is either a root of g or zero. We fix a notion of positivity on 
A(flc : f)c) compatible with our choice for A(g : a), and let pj, G denote half the sum 
of the positive roots in A(gc : he). Once pi, makes its appearance we shall use p a for p 
defined before. 

The image of Nk (h) in W(gc : f)c) is W = Afc (h)/Z M (b), since any G Nk (f)) must 
normalize a, b separately. 

Lemma 5. W (m : b ) ~ A^m (b) /Zjw(b) is normal in W; the quotient is naturally isomorphic 
toW(g: a). 

Proof. That Nni(i>) = A^(h) C\Zk{o) gives the first assertion, and shows that the quotient 
embeds in W(q : a) since AOc(h) C Nk(cl). To show that the embedding is surjective let 
w G Nk(o) and consider Ad(w)b. This is the Lie algebra of a maximal torus of M (Ad(w) 
is an automorphism of M), hence conjugate to b in M. In other words, there exists m G M 
such that Ad(w)b = Ad(m)b and hence mT x w G Nk (b). This element also normalizes a, 
and hence wM G W has a representative in Afc(h). □ 

Corollary 6. Under the identification cip~{vGf)p|v[a=0} (dual to the identification 
a~t)/b) the group W C W(qc : f)c) acfi on via its quotient map to W. 

We let U(gc) denote the universal enveloping algebra of the complexification of g (and 
similarly U(ac), U(nc) •••)• In such an algebra we let U(gc)~ d denote the subspace 
generated by all (non-commutative) monomials in qq of degree at most d. 

2.3. Representation Theory. For any continuous representation of K on a Frechet space 
W, and TGf we let W T denote the T-isotypical subspace, and Wk = ©tW t denote the 
(dense) subspace of /T-finite vectors. We let Wk = I\ T W T denote the completion of Wk 
with respect to this decomposition. This is the space of formal sums £ T w x where w T G 
W T . We endow Wk with the product topology, which is also the topology of convergence 
component-wise. 

We specifically set V = C(M\K) with the right regular action of K and let Vk denote the 
space of /T-finite vectors there. We also have Vk = L 2 (M\K) K ; Vk can be identified with 
the algebraic dual V' K via the pairing (/,£ T T ) >->• Lt/m\A"/' me product topology is 
the weak-* topology. We let <po G Vk denote the function everywhere equal to 1. 
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Definition 7. For V € 0^ let G act by the right regular representation on 

F = {<p G C~(G)\ ( p(namg)=a v+ P ( p(g)}. 

This induces a (g, /if) -module structure on the space of /if-finite vectors J 7 ^. By the 
Iwasawa decomposition the restriction map J 7 ^ — > Vk is an isomorphism of algebraic rep- 
resentations of K, giving us a model (I v ,Vk) for F%. Given 4> = £ T T G Vk and legwe 
set 7 V (X)<I> = £ T ZvPO0T ( me T'-component of the sum only has contribution from Zf-types 
appearing in the tensor product of t' and the adjoint representation of K on g). Let 1 denote 
the trivial representation of (g,K) where the complex number z acts by multiplication by 
2.Let(J v A) = (/vA)®l. 

Notation 8. Let (X v ,Vk) denote the (q,K) module (/ v ®/ v , Vk®Vk). 

Fact 9. (Induced Representations) 

(1) 77ze pairing (f,g) i-> $M\pfg ' s a G-invariant pairing on J- v ® T~ v . Equivalently, 
(/) #) ^ /m \jf ' s an invariant Hermitian pairing between (I v , V/f ) anaf (7_y , Vg-). 
For V 6 mjjj ff/ie unitary axis,) it follows that (I v ,Vk) is unitarizable, its invariant 
Hermitian form given by the standard pairing ofL 2 (M\K). 

(2) The induced representation is irreducible for V lying in an open dense subset of 

(3) Every irreducible spherical (g,K)-module (Tt,V n ) can be realized as a quotient 
via an intertwining operator R: (I Vi Vk) —> (n,V n ), for some V G C. 

2.4. Intertwining Operators. Given w G W and v G 0^, we can uniquely extend any <p G 
Vk to an element of T v (also denoted <p). For v G % v we can then define an endomorphism 
A(v;w) of Vk by 

(A(v;w)q>) (k) = / (p(hwk)dii 

JNCm-Nw- 1 

(the integral converges absolutely in this case). It is easy to check that this operator inter- 
twines the representations (7 V , Vk) and (I wv ,Vk) and is holomorphic in the domain Q. w . 

Fact 10. (Intertwining operators) 

(1) B Prop. 60(i)] The operators A(v;w) admit a meromorphic continuation to all of 
dp, intertwining the representations (I v ,Vk) and (I wV ,Vk). For v G mjj they are 
unitary operators. 

(2) © §VII.5] For v G a* c and j3 G A set = For w G W set 4> H . = {j3 G A \ 2A|j3 G A+ n W^UsT } . 
Then A(v; w)(po — r(v;w)(po where 

n\(pp+qp)) n?(vp +pp)) nlivp+pp) + \qp)_ ' 

We set A(v;w) — r~ ! (v;w)A(v;w). 

(3) (8] Ch. XVI]If the spherical representation (n,V K ) is unitarizable and realized as a 
quotient of (I v ,Vk) as before, these exists w G W with w 2 = 1 such that wv = — v; 
further more 9t(v) belongs to a fixed compact set. 

(4) Conversely, let w G W satisfy w 2 = 1, and let V G such that wv = — V. Then 

(f,g) i— > (A(v;w)/,g) L 2 W 

defines a non-zero (g,A')-equivariant Hermitian pairing on (/ v , Va-); the subspace 
where the pairing vanishes is the kernel of A(v; w) and the quotient is irreducible. 



r(v;w)= ]~[ 
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The quotient is unitarizable iff the pairing is semidefmite, and every unitary spher- 
ical representation arises this way. 
(5) O l For fixed <p, \]f £ Vg the matrix coefficient 

v^{A(v;w)(p,\j/) L 2 {K] 

is a rational function of v where we identify with C dlma via the map v i-> 
{v{H a ))aen- 

Remark 11. Since Vg contains a unique copy of the trivial representation of K, we must 
have A(v;w)(po = r(v;w)% for some meromorphic function r(v;w). Showing the integral 
defining r(v;w) converges absolutely for v € c (a w proves the absolute convergence claim 
above. 

Since r(v;w) does not vanish in open domain Q. w , A(v; w) cannot have zeroes or poles 
there. 

3. Interpolation bounds on intertwining operators 

Lemma 12. Let f G C(z) be a rational function of one variable. Assume that f is bounded 
on the line 9t(z) =0 and has no poles to the right of the line. Then 

sup {/(z) |9t(z) >0} = sup{/(z) | %(z) = 0} . 

Proof. Composing with a Mobius transformation we may instead consider the case of a 
rational function / holomorphic in the interior of the unit disk D and bounded on <9B \ { 1 }. 
The singularity of / at z — 1 is at most a pole since / is rational. The boundedness on the 
rest of the boundary then shows the singularity is removable so that / is continuous on the 
closed disk. Finally, apply the usual maximum principle. □ 

Theorem 13. Let w 6 W, and let A(v;w) : (Iv,Vg) — > (IwvjVk) be the intertwining oper- 
ator, normalized such that A(v;w)(po = (po. Then ||A(v;w) ||^^ < ljbr V £ Q. w . 

Proof. By duality, it suffices to show that 

(A(v;w)<p,y) i2(Jf) < \\(p\\ L 2 {K) \\W\\ L 2 {K) 

holds for all non-zero <p, y/ 6 Vg and all v as above. As the left-hand-side is a meromorphic 
function of v, it suffices to establish the inequality for 9t(v) G which we assume 
henceforth. 

We restrict the left-hand-side to a one-parameter family of spectral parameters by con- 
sidering the meromorphic one-variable function 

It will be convenient to write v z = /3(v) +z5R(v) so that Vi = V, and note that the parame- 
ters in our family satisfy 9t(v z ) = 5R(z)5R(v) and in particular 9t(v z ) e % v when 9l(z) > 0. 
Arthur's result quoted above (Fact [T0T 4)) is that /(z) is a rational function of z. It has no 
poles in the domain 5R(z) > since the intertwining operator has no poles in Cl w . When 
Z = it € /R, the parameter v z € ia^ is unitary and hence A(v z ;w) is a unitary operator, 
which implies |/(z)| < 1 by Cauchy-Schwartz. In particular, / has no poles on this line, 
and the claim now follows from the Lemma. □ 
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Proof of Theorem|2] Let (k,V k ) 6 G be spherical, and let R: (I V) Vk) — > (n,V K ) be a non- 
zero intertwining operator with the real part of v £ in the closed positive chamber C, 
normalized such that ||.R(<po) ||y = 1. 

By Fact [H)l3) there exists an involution w € W such that wv = — V and such that 
(<j?,A(v; w)w)l 2 (k) i s a G-equivariant Hermitian pairing on (I v ,Vk)- Also, the image of 
A(w, v) is irreducible (in fact, isomorphic to n). By Schur's Lemma there is c > such that 
for all ^-finite (p we have ||-R(<p) Hy^ = c{A(v; w)q>, <p) L iifn ■ Our normalization implies 
that the constant of proportionality is 1, and the bound on the intertwining operator gives 
the claim \\R{(p)\\ Vjc < \\<p\\ L z {K y 



3.1. Example: SL 2 (R). Let G = SL 2 (K), K = S0 2 (K). The Lie algebra q = 2 (M.) 

spanned by the three elements H = ( ^ ^ J , X = ^ ^ ^ ^ and X = ( ^ ^ 

Individually they span the subalgebras a = MH, n = RX and n = MX. These are the Lie 

* \ I , , f / 1 x \ I f/l 



algebras of the subgroups A = jl * / /' ^ = \ \ ^ / J = I ' 

We shall also use M = Zk{A) = {±1} and fix w = ^ ^ ^ ) ' a le P resenta ^ ve ^ 01 tne 

non-trivial class in W(q : a) ~ Nk(A)/Zk(A). Letting = ( C g m ^ cos0 J S ° 
K — {k<j, } tf,,^^^ we normalize the Haar measures on the circles K and M\K to be prob- 
ability measures, on N to be j^du where n{u) — exp(uX). 

As [H,X] = 2X, we have [tH,X] = a(tH)X for that a e ojj (the "positive root") given 
by a(tH) = 2t. We then set p{tH) = \a(tH) = t ("half the sum of the positive roots"). 
We can then identify the complex dual with C via z n- (tH n- zt). 

The induced representation z (cf |8l §§2.5 & 7.1]) is the right regular representation 
of G on the space 



|f e C°°(G) | F(nexp(tH)mg) = e (z+1)t F{g)} . 



By the Iwasawa decomposition these functions are uniquely determined by their restriction 
to the space V = C(M\K). the space of even functions on the circle. As usual we shall 
restrict our attention to the subspace Vk C V of even trigonometric polynomials (the "K- 
finite" vectors), which is spanned by the Fourier modes (p2 m (9) — exp(2m/0). 

As we will see shortly, for 3t(z) > and F S J- + ~ the integral (AF)(g) = F (hwg)dn 
converges absolutely. Assuming this, we now verify that it defines an element of F +, ~ z . It 
also clearly intertwines the right regular representations under consideration. 

For a = exp(f//) e A we note that waw~ l = a~ l and that for h' = ahcT 1 e Wwe have 
dfi' = e~ 2t dn. From this we conclude: 



AF(ag)= [_F(nwag)dn = e^ z+1)t I F{h'wg)dn'. 
Jn Jn 

Similarly we note that for n E N, wnw~ l e N. Since we are integrating w.r.t. to a Haar 
measure on N, this shows that AF(ng) = AF(g). Finally, since M is central it is clear that 
AF(mg) =AF(g). The smoothness is clear by differentiating under the integral sign, and 
the operator preserves Zf-finiteness since it commutes with the action of K. 
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Given u G R we set t = — i log(l +u 2 ) and define 9 G (0,71:) by m = cot0. Then there 



2 

exists n G R such that: 



«(m)w=( ^ " )exp(f//)fcg. 



Since ofi< = — rrr and e r = I sin 9 1 we get: 

sirr " 



(3.1) A{z)F{kq) = i jf" Isinfll'-^^+flyfl. 

Since F ["jf is even this is a convolution operator on the circle K. 

We can now address the question of convergence. Taking absolute values and bounding 
F(k§ + $) by H-Flli-of) it is clear that A(z) converges absolutely for all F G C(M\K) iff the 
same holds for A(9t(z))<po where (po is the constant function. When F \g is one of the 
Fourier modes <p2„„ we find on page 8 of 0_O| that the integral ( 13. It converges absolutely 
for 9?(z) > (the "open positive Weyl chamber") and takes the value: 

A<P2m - (-1)'" XT <P2m- 

We may thus extend A (z) to a family of operators A (z) : Vk — > Vk intertwining the in- 
duced representations and defined everywhere except for the pole at z = 0. We next nor- 
malize these operators. As above we define r(z) by A(z)<po = r(z)(po, that is: 

r[z) n^y 

Note that this meromorphic function has no zeroes or poles for 9i(z) > 0. In particular, 
if we set A(z)F = r(z) A(z)F the new operator is also regular for 9t(z) > and extends 
meromorphically to C. It will now have poles for 3i (z) < 0, but will be regular for 3i (z) = 0. 

The claim of Theorem|2](in this case) is that A (z) : Vk — > Vk is bounded in the L~ norm. 
Since it is diagonal in the Fourier basis it suffices to verify that the Fourier coefficients 
A{z)(p2m = C2m(z)(P2m satisfy \c 2m {z) \ < 1 when 9t(z) > 0. 

For m = this is true by definition of r(z). In general, using r(z+m) = T(z) Yl'j=o (~ + f) 
we get: 



r(s±l+ w )r(2±l-m) } = A z+(2; + l) 



Now z — (2j + 1) and z + (2j + 1) always have the same imaginary part, but for 9i(z) > 
the denominator always has a larger real part (in absolute value), and the product has 
magnitude at most 1 as claimed. 

Remark 14. The rationality of the matrix coefficient C2 m (z) = (A(z)(p2m, l 2 {m\k) was 
an essential ingredient in our argument above. 

Corollary 15. The normalized operator has no poles (or zeroes) for 9t(v) in the closed 
positive chamber. 

4. Degenerate lift 
In this section we establish TheoremQ] 



4. 1 . The basic construction. 
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One eigenfunction. Let y/ £ L 2 (Y) be a normalized eigenfunction with the parameter v £ 
£2; let R: (1 v ,Vk) -> (U,L 2 (X)k) be an intertwining operator with /?(<po) = V 7 - Given 
fi,fi G Vjc and g £ C"(X)jf we set: 

M/1,/2) (g) = / R(fi)R(ti)8dvoh . 
By the Cauchy-Schwartz inequality and Theorem|2] 

\lin{hJl){g)\ < \\M L 2 {K) ||/ 2 || L 2 W \\g\\ L ~ {x) . 

In particular, the fi n (fi,fi) extend to finite Borel measures on X (positive measures when 
fi = fi). Also, we have a bound on the total variation of these measures which depends 
only on f\ and fi but not on v or R. 

This construction extends to the case where one of the two test vectors is not Zf-finite. 
Given 4> = L TG £ T £ Vk we set: 

^ (/,<&) te) = £M/><M(s), 

noting that only finitely many T can contribute. Letting C™(X)^- denote the algebraic dual 
of C£°(X)jf, we have obtained a map : 

11r: V k xV k ^C~{X)' k 

which is linear in the first variable and conjugate-linear in the second. Integration by parts 
on r\G shows that the extension : (I v ,Vk) — > C^(X)' K is an intertwining operator for 
the (q,K) module structures. 

Remark 16. By C"(X)' K we mean the algebraic dual of our space C"(X)k of test functions. 
By abuse of terminology we shall call its elements distributions; convergence of distribu- 
tions will be in the weak-* (pointwise) sense. Apart from limits of uniformly bounded 
sequences of measures, the limits we shall consider will be positive distributions (that is, 
take non-negative values at non-negative test functions), and such distributions are always 
Borel measures (finiteness will require an easy separate argument). For completeness we 
note, however, that when <t> defines a distribution on M\K in the ordinary sense (as is 
the case with 5), flR (/,'t ) ) is bounded w.r.t. to an appropriate Sobolev norm and hence 
flR (/, <t>) is a distribution on X in the ordinary sense. Moreover, the bound depends on / 
and on the dual Sobolev norm of <f> but not v or R. 

A sequence of eigenfunctions. Let{v„}~ =1 C £2 such that ||v„|| — andlet7?„: (Z VjI ,Vg-) — > 
(1Z,L 2 (X)k) be intertwining operators with ||^n(<Po)Hi,2(x) = Assume that p,„ = ji„ (<po, <Po) 
converge weak-* to a limiting measure jX*,, which we would like to study. 

Fixing f\ , fi £ Vk the construction of the previous section gives a sequence of Borel 
measures jx n (/i , f 2 ) = Hr„ (/i , f% ) all of which have total variation at most 1 1 f\ \ \ L t (x) 1 1/ 2 1 1 L i {K) . 
By the Banach-Alaoglu theorem there exists asubsequence {n<r}™ = i C Nsuchthat jj,„ k {f\,f2) 
converge weak-*. Fixing a countable basis {(Pi}^ =i G Vk, by the standard diagonalization 
argument we may assume (after passing to a subsequence) that for any /i,/2 £ Vk there 
exists a measure /io» [f\,fz) such that for all g £ C£(X)k, 

lim lln (/i ,f 2 )(g) = /t» (/i Ji){g). 

n— foo 

As before, given f and g, the value of /j.^ (fijfi) (g) only depends on the projection of 
fi to a finite set of /T-types. We can thus extend n„ to all of Vk = Vk® Vk and it is clear 
that jj.„ converge weak-* to in the sense that for any fixed F £ Vjc and g £ C£(X)k, 
]im n ^n„(F)(g)=n^(F)(g). 
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The asymptotic properties of /i„ are governed by the normalized spectral parameters 
v« = j^'i passing to a subsequence again we assume v„ — > Voo as n — > °°. Since the 3i(v„) 
are uniformly bounded (we are dealing with unitary representations), the limit parameter 
Vex, is purely imaginary. 

Definition 17. Call the sequence of intertwining operators {R„}" =i conveniently arranged 
if V„ converge to some Voo E iat and if for any /i,/2 E Vk the sequence of measures 
{jl n (/i ,/2)}" = i converges in the weak-* topology. 

Given our limiting measure jiioo we now fix once and for all a conveniently arranged 
sequence R„ such that fl„ (<f>o, <Po) converges to /L,, and set Mi — Zk(Vco). The motivation 
for the following choice will be come clear in the following Section. 

Definition 18. Let S\ E V' K be the distribution 8\ (f) = f M \ M[ f{m\)dm\. Set: 

Mn = Mn(<P0®5i) , 

which converge to the limit fj,oo = fXoo (<po <E> 

Note that for a /^-invariant test function g, jJL„(g) = p. n {g) since the spherical part of 8\ 
is exactly <f>o- It follows that the jj, n indeed are lifts of the measures p, n to X = T\G, which 
is Claim (fTJ of the main Theorem. 

Remark 19. Note that our definition of fi„ (and hence jj.^) depends on the limit point Voo, 
and not only on the limiting measure /Lo. 

4.2. Integration by parts; positivity. Pointwise addition and multiplication give an alge- 
bra structure to Vk- Our asymptotic calculus for the measures jx n (/b/j) will depend on 
the the following elements of this algebra. 

FoiX E g and kGKwe write the Iwasawa decomposition of Ad(k)X as X n (k) +X a (k) + 
Xi(k). Now for X£j and Voo E mjjj set: 

i 

this is a left-Mj -invariant function on K, in particular a left-M-invariant function on K. It 
is ^-finite, being a matrix element of the adjoint representation of K on q. 

Lemma 20. The subalgebra o/Vk generated by { <po } U {px }xe$ un der pointwise addition 
and multiplication is precisely T\ — C(M\\K)k, the algebra ofleft-M\ invariant, right In- 
finite functions on K. 

Proof. This follows from the Stone-Weierstrass Theorem, by which it suffices to check 
that the functions px separate the points of M\ \K. Indeed, if px (k) — px (kf) for all X then 
M\k' —M\k- recall that M\ was defined as the centralizer of Voo. □ 

Our calculation depends on the following basic formula, obtained by integration by 
parts: 

Lemma 21. ( Ifl4l Lem. 3.10 & Cor. 3.11]) There exists a norm \\-\\ on C™(X)k such that 
for any f\ , f 2 E V K and X E fl, 

|M« (PxflJl) (g)-Vn (fuWfl) (g)\ </!,/ 2 ll^ll 

Corollary 22. Let f e T\ and f\,f 2 E Vk ■ Then, for any g E C^(X) K , 

\Hn{f-f\j2){g)-Vn(hJ-f2) (g)\ </,/ ll/2 \\g\\ 



|V„ — v^H -h ]|V„| 



|v„-Voo|| + ||v n || 1 
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Claims (O and (0]l of the main Theorem now follow from: 

Proposition 23. We can choose /„ £ Vk { in the notation of the main Theorem, set \jf„ = 
R n (fn)) so that the measures o n = jU n (/«,/«) converge weak-* to /Xoo. 

Proof. Let {hk}™ =l G J-\ be real-valued functions such that h\ converge weak-* to Si, and 
let ho = (po (it is easy to see that such a sequence exists). By Corollary l22l there exists 
constants Q depending only on the choice of /j such that for any g £ C^(X)k and n, 

\Hn (<Po,hl) (g) -m« ih,h k ) (g)\ < C k \\g\\ [||v„ - Vo„|| + ||v„|r 

Noting that Co = 0, given n > 1 let k(n) be the maximal k € {0, • • • ,«} such that Q < 

-1/2 

, and set /„ = h k{n) , a„ = jj, n (f n ,f„). The sequence k(n) is 

monotone and tends to infinity; it follows that f% converge weakly to 8\ . 
Finally, we have: 

\Hn(g)-On(g)\ < \Hn{<p0,Si-fl) (g) \ + [ll V„ - V- 1| + || V„ \\~ '] ^ \\g \\ . 

Let T C K be a finite subset such that g e Lrer C~(^')t- Let t/„ G Lrer K be the projection 
of Si — fn to that space. Then R{S\ —f% —d n ) has trivial pairing with R((po)g, since they 
don't transform under the same K-types. We may thus bound the first term in the inequality 
above by \jj,„ {(po,d„) (g)\ < \\d„\\ L 2( K ) \\g\\ L ^xy Since T.tet v t is finite-dimensional, that 
d„ — >• weakly implies that d„ —> in norm. Since jJ. n (g) — > !-l°o(g) we conclude that 
o n (g) ^ n«,(g) as well. □ 

Corollary 24. extends to a non-negative measure on X of total mass at most 1. When 
X is compact /ioo is a probability measure. 

Proof. The <J„ extend to positive measures, hence ji^ extends to a non-negative measure. 
To bound the total mass it suffices to consider TT-invariant test functions for which /Xo» 
agrees with /loo, a weak-* limit of probability measures. □ 

Corollary 25. When \j/ n are eigenfunctions of an algebra % of operators which commute 
with the G-action, then so are \fr„. 

Proof. By Schur's Lemma each element of "H acts as a scalar on the irreducible represen- 
tation generated by y/ n ; ifr n belongs to this representation. □ 

4.3. Apinvariance. Let S € V K ~ Vk be the delta distribution, that is S(f) = /(l). Since 
a is a quotient of m © a © n by a Lie ideal, we can consider any A G as a Lie algebra 
homomorphism ac © trie © Uc — > C. It thus extends to an algebra homomorphism E/(ac © 
trie ©tic) — ► C, and there exists a unique algebra endomorphism %x ■ U(ac ffltnc © tic) ~^ 
£/(ac © m c © n c ) such that z x {X)=X + X(X) for X e o c © m c © n c . 

Lemma 26. Lef v •: a ' . h : / ' (ac © mc © nc) 

(1) I v (u)S = (-p + v)(u)-8. 

(2) Xv(T p+v _ 29?(v) ( M ))(/©5) = (7 v (h)/)®5. 

Proof. By induction it suffices to prove both assertions for M=X6mffia©n. The first 
claim follows from the the invariant pairing of T v with T~ v . Taking complex conjugates, 
this implies: 

l v (X) (/© 8) = (I v (X)f) © 8 + {-p a + v,X) (/ © S) , 
which is the second assertion. □ 
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We next summarize the analysis of the center of the universal enveloping algebra done 
in EH 54]. 

Proposition 27. Let V G U(^c) w ^ sc:t>c ^ be homogeneous of degree d. Then there exist 
elements b = b(V) G U(nc)U(ac)- d ~ 2 and c = c(P) G E/(sc)ftc so tnat 

Z = T-p,(V)+b + C 

belongs to the center of the universal enveloping algebra. Furthermore, z acts on (I v ,Vk) 
with the eigenvalue V(v + p a — p^). 

It follows that for such V we have: 

(t Pci - P( , + v-29;(v) CP) + Wv-29?(v) 0) ~ + P<* ~ Pl>)) (<P0 ® 5 ) = 

(to see this unwind the definitions, using the fact that I v (c)(po = 0). 

Thinking of V as a function on h c , let P'(v) denote its differential at v G a c . This is an 
element of the cotangent space to h^, that is an element of hp. 

Proposition 28. Let V G U^c^^'^- Then there exists a polynomial map J: — )• 
U (flc) ( a c thought of as a real vector space), of degree at most d — 2 in the parameters 
3 (v), such that for any unitarizable parameter V G a^, 

ly(v'(v) + ^p^ (<p ®S)=0. 

Proof. Since V 1 is a homogeneous polynomial of degree d — 1, it suffices to show that 
T p a -p 1 ,+v-25R(v)(7') + Tp 0+v -25R(v)(^) - V(v + p a - Ph) - V {v) is a polynomial of de- 
gree at most d — 2 in v. It is clear that Ji(v) = Tp o+v _29?(v)(^) is such a polynomial, 
as is 7 2 (v) = T pa _ Ph+v _ 29?(v) (V) ~V(v + p a - Pt) - 29l(v)) - V'(v + p a - p h - 29l(v)). 
Since?" is a polynomial of degree d — 1 (valued in ac), ^3 (v) = V'(v +p a — Pf, — 29t(v)) — 
P'(v) is also of degree at most d — 2. It remains to consider J4(v) = V(v + p a — pp, — 
25R(v)) — V(v + p a — Pii) which is a polynomial map of degree d — 1 in v. 

The first two terms are difference of the values of a polynomial at two points, we may 
write this in the form (V'(v + p a — Pf,), — 29l(v)) +/s(v) where Js(v) includes the terms 
of degree d — 2 or less and the pairing is the one between fjcand a^. Finally, P'(v + p a — 
pi,) -V (3(v)) has degree rf-2in3(v). Setting / 6 (v) = (P'(v + p a - p h ) - V (3(v)), -29t(v)> 
we see that <po ® 5 is annihilated by: 

nv) + XV,(v)-2<7>'(3(v)),9t(v)> . 

i=i 

We conclude by showing that the final scalar vanishes. By assumption there exists 
w G W such that wv = — V. By Corollary|6]there exist vv G W(ac : f)c) sucri that wv = —v. 
Applying the chain rule to V = V o vi> we see that 7- , '(3(v)) is fixed by vv, while w3i(v) = 

-m{v). ' □ 

Corollary 29. Let {R„ }°° =1 fee a conveniently arranged sequence of intertwining operators 
from (I v „,Vk) to L 2 (X). Then the limit distribution jj^, — jj^, (<j?o ® 5i) « H -invariant for 
anyH = P'(y„), where V G f/(hc) W(sc:,,c) . 

Proof. By additivity it suffices to prove this when V is homogeneous. Next, since fX n = 
pL„ (q>o eg) 5i) are Mi-invariant distributions (in fact, we are lifting to V\G/M\, not to T\G), 
it suffices to consider M\ -invariant test functions g &C"{X) K { . For these we have \i n ((fa (g> 5i) (g) = 
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M« (<P0 <8> 8) (g). We conclude that it is enough to show that /ioo(<po®5) are 'P'(v«,)- 
invariant for homogeneous V - but this follows immediately by passing to the limit in 
the Proposition. □ 

Since the W(gc '■ f)c)-invariant polynomials on t)c are dense in the space of smooth 
functions on the sphere there, it is clear that {'P'(Voo)} is precisely the set h^' where W[ = 
Stab W ( Bc:f)c ) (v«,). Claim (fj) of the main Theorem is then contained in: 

Lemma 30. Let W\ = Stabw(Voo). Then a^ 1 = h^ 1 n ac- 

Proof. The subgroup of a Weyl group fixing a point in a (or its dual) is generated by 
the root reflections it contains. It follows that W\ is generated by the root reflections s a 
where a £ A(g : a) satisfying B(a, V^) = (pairing given by the Killing form on g) while 
W[ is generated by the root reflections s a i where a 1 £ A(gc : he) satisfies B'(a', v«,) = 
(Killing form on gc). Now B'(a' , Voo) = B(a! \ a , Vo») since b is orthogonal to a, where the 
restrictions are either roots (or zero). Since s a fixes H iff u(H) = 0, while s a i fixes H iff 
a'(H) = 0, it follows that: 

f)c na c = n B(a ,v„)=oKer(a) = a^ 1 • 

□ 
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